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The structural stability of Schwarzschild-de Sitter’s horizon is studied. It is claimed
that when lagrangians incorporating terms quadratic in curvature are taken seriously,
the generic solution in the asymptotic regime (large radius) can be matched not only
with the usual solutions with horizons (like Schwarzschild-de Sitter) but also with a
more generic (in the sense that it depends on more arbitrary parameters) horizonless
family of solutions.
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1 Introduction
The effective lagrangian framework, whose origin can be dated at least to Wilson’s [1]
pioneering work, dominates much of the work in particle physics in the last decades. It
has been very successful, although the lack of new physics as yet in the LHC experiment
is a clear indication that the related naturalness issue is still poorly understood.
At any rate, when studying the gravitational interaction, and assuming diffeomor-
phism invariance (that is, general coordinate invariance or geometrization of gravity)
as a fundamental symmetry, the relevant operators in the infrared are
S =
∫
d4x
√
|g| (−Λ− γR− 2αR2µν +
(
β +
2
3
α
)
R2 + higher dimension operators),
(1.1)
where γ = 1
2κ2
. The first two terms represent the Einstein-Hilbert lagrangian with
the cosmological constant. It is true that the smallness of said constant is one of the
things that we do not understand, but let us carry on. There are three independent
quadratic terms that can be written down, but only two of them are independent owing
to the explicit expression for the Euler density (whose integral is proportional to Euler’s
characteristic, a topological invariant). The Gauss-Bonnet theorem, in n = 4, states
that
χ(M) =
1
32
∫ √
|g| d4xE4 = 1
32
∫ √
|g| d4x (R2µνρσ − 4R2µν +R2) . (1.2)
In our case, we choose R2 and R2µν as the two independent quadratic terms. The ap-
pearance of terms quadratic (and higher) in curvature is unavoidable whenever the
gravitational field is quantized in this geometric way unless a fine-tuning of sorts renor-
malizes all those coefficients to zero.
We want to explore the point of view that it is physically unavoidable to take all
terms of higher-order in curvature seriously and explore their physical consequences
(cf. [2–9] and references therein). In [2, 3] they found among other things, a whole
family of solutions unrelated to Schwarzschild’s solution. In particular, the instability
of the horizon under a particular type of quadratic corrections has also been pointed
out previously by Holdom in [4, 5].
This analysis is at variance with the usual Regge-Wheeler stability [10–12] which
is the ordinary stability keeping fixed the equations of motion (EM). What we do here
is to change the EM by a given amount (the quadratic corrections in the curvature),
which leads to the analysis of the structural stability.
Let us now explain the rationale for the title of the present work. Given an ordinary
differential equation (ODE)
x˙ = ξ(x), (1.3)
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where x ∈ M , some n-dimensional manifold, it is said that the system is structurally
stable if it remains equivalent to itself when the vector field is changed by a small
amount. All this can be made mathematically precise (see e.g. [13]). This concept
was originally proposed by the soviet mathematicians Andronov and Pontryagin [14].
It was later shown by Smale [15] that in four dimensions there is a vector field that
cannot be made structurally stable by a small deformation.
Although these ideas are restricted to ODE (and actually most useful in small
dimension n = 2), the general concept can be applied in a somewhat loose sense to
partial differential equations (PDE) (confer the use of this concept in [16]); it is in
this generalized way that we are using this concept here, without any pretension of
mathematical rigor whatsoever.
Let us briefly review the ideas behind the set up that we will use throughout the
paper. Once the conditions for spherical symmetry have been used, the spacetime
metric has been assumed to take the form
ds2 = B(t, r)dt2 − A(t, r)dr2 − r2dΩ22, (1.4)
which fulfills the general relativity (GR) vacuum equations of motion (EM)
Rµν = 0. (1.5)
In terms of the functions appearing in the spherically symmetric metric, the EM reduce
to
∂rB =
B
r
(A− 1) , ∂rA = A
r
(1− A) , ∂tA = 0. (1.6)
Besides, assuming staticity, it is well-known that these equations are uniquely solved
by the Schwarzschild metric which is asymptotically flat (Birkhoff’s theorem)
ds2 =
(
1− rs
r
)
dt2 − 1
1− rs
r
dr2 − r2dΩ22, (1.7)
where rs = 2GM is the Schwarzschild radius.
The idea is to change the second member of equations (1.6) with terms implied by a
generic lagrangian quadratic in curvature. To begin with, we shall keep the assumption
of spherical symmetry and staticity. We are well aware that this does not correspond to
a generic perturbation, but of course, any eventual instability found in this particular
case is bound to survive in the general situation.
Let us now summarize the main findings of [2, 3]. They classify the solutions by
the behavior of the functions appearing in the metric (1.6) at r ∼ 0, where they expand
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them as
A(r) = asr
s + as+1r
s+1 + . . .
B(r) = bt
(
rt + bt+1r
t+1 + . . .
)
, (1.8)
The behavior of the different solutions is summarized in the following
• There is a 3-parameter family with the behavior (s, t) = (0, 0). Those solutions
are no singular and correspond to candidates for the vacuum of the theory.
• There is another 4-parameter singular family with the behavior (s, t) = (1,−1).
Schwarzschild’s space-time fails in this category. In this same reference it was
argued that his family cannot be coupled to a normal (codimension 1, shell)
source.
• There is a 6-parameter singular family with the behavior (s, t) = (2, 2). These
solutions have no horizon and are the only ones that can be coupled to normal
matter.
The main objective of the present work is to examine the possibility that the
six-parameter family of solutions uncovered by [2, 3] (or rather its generalization with
cosmological constant) can be an alternative approximation to the gravitational field of
a static, spherical source different close to the origin to Schwarzschild’s spacetime itself.
Our idea is that all solar system gravitational tests are in fact done in the region of the
metric corresponding to r
rs
 1; that is in the asymptotic region. We lack any solar
system test of the region r ∼ rs. It is our purpose to check in an explicit way whether it
is possible to analytically match different solutions (in particular the horizonless (2, 2)
family and the Schwarzschild-de Sitter type (1,−1) one) with the asymptotic behavior
of the solution. We already know that it is possible to do so with the Schwarzschild
solution, which is still a solution of the modified equations. When working with the
Einstein-Hilbert lagrangian, any static spherically symmetric solution is isomorphic
[17] to (a region of) the Schwarzschild-de Sitter or the related Nariai spacetimes. For
quadratic theories, the solution is not unique anymore and some of the arguments for
the issue of the final state after total collapse are questionable.
While carrying out this analysis we also hope to clarify a few points regarding
the runaway type of solutions in [3, 5]. We comment in particular in the Appendix
B on the existence of these runaway solutions, which is a generic fact of higher-order
equations. In spite of many efforts by many authors (mainly in the context of the
Lorentz-Dirac equation), there is no accepted and systematic way of eliminating them
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altogether. They are in some sense the classical counterpart of the existence of ghosts
in the quantum version of the theory.
The plan of the paper is as follows1. Section 2 is devoted to the completion of
the analysis in [3–5] in the presence of a cosmological constant with the purpose of
analyzing whether any of the newly found (albeit in an incomplete form) solutions are
physically acceptable. We also study a particular case of quadratic lagrangians which
can be written as a sum of squares, where the (2, 2) family is no longer a solution. In
section 3, we expand the solutions around an arbitrary intermediate point r0. We show
that the solutions around this arbitrary point have enough parameters to match them
with the families of solutions (2, 2) or (1,−1) that appear near the origin. Finally,
we present our conclusions and remarks. Given the length of some of the equations
involved in the computation, we relegate most of them to the appendices.
2 New facts brought about by the cosmological constant
As mentioned in the introduction, we are interested in analyzing the solutions to the
full action
S =
∫
d4x
√
|g| (−Λ− γ R− 2αR2µν +
(
β +
2
3
α
)
R2), (2.1)
where all the independent quadratic (in curvature) invariants are taken into account.
In this section we repeate the analysis carried out in [3] with the slight generalization
of adding the cosmological constant.
Taking the ansatz of spherically symmetric and static metrics
ds2 = B(r)dt2 − A(r)dr2 − r2dΩ22, (2.2)
the EM for the action yield
Hµν = γ
(
Rµν − 1
2
gµνR
)
− 2
(
β +
2α
3
)
R
(
Rµν − 1
4
gµνR
)
+ 4αRρσ
(
Rµρνσ − 1
4
gµνRρσ
)
+
+
2
3
(α− 3β) (gµν2−∇µ∇ν)R + 2α2¯
(
Rµν − 1
2
gµνR
)
− 1
2
gµνΛ = 0. (2.3)
In this case, the Schwarzschild-de Sitter metric
ds2 =
[
1− rs
r
−
(
r
rΛ
)2]
dt2 − 1[
1− rs
r
−
(
r
rΛ
)2]dr2 − r2 (dθ2 + sin2 θdφ2) , (2.4)
1 Throughout this work we follow the Landau-Lifshitz spacelike conventions, in particular our
metric has the signature ηµν = (+,−,−,−) and Rµνρσ = ∂ρΓµνσ − ∂σΓµνρ + ΓµλρΓλνσ − ΓµλσΓλνρ.
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where rs = 2GM is the Schwarzschild radius and we define r
2
Λ =
6γ
Λ
, is a particular and
in some sense archetypal solution.
We want to analyze the families of solutions depending on the behavior of the
functions appearing in the ansatz of the spherically symmetric metric (1.6). Near the
origin r = 0 assuming the functions A(r) y B(r) admit a Frobenius-like expansion
A(r) = asr
s + as+1r
s+1 + . . .
B(r) = bt
(
rt + bt+1r
t+1 + . . .
)
, (2.5)
we recover exactly the same families as when Λ = 0 [2, 3], depending on the same number
of parameters (besides the cosmological constant). In our case, we hereinafter ignore
(that is, we will not count it as a relevant parameter) the constant bt whose physical
meaning is a change of the origin of the time coordinate, although it is counted as a
parameter in [3]. The details of the computation as well as the different solutions are
shown in Appendix A.1.
Next, we focus on the asymptotic behavior of the metric, when r
rs
→ ∞2 . When
Λ 6= 0 the solution cannot be asymptotically flat, so we are forced to change the ansatz
in [3] to the new one
A(r) =
∑
s
as r
s
B(r) =
∑
t
bt r
t. (2.6)
As detailed in Appendix A.2, the leading terms of the only family of solutions go as
A ∼ r−2 B ∼ r2. (2.7)
The explicit form of these solutions is shown in (A.11) and, following the notation of
the families near the origin, we call it the (−2, 2) family. It can be seen that this family
of solutions contains one independent parameter plus the cosmological constant. This
analysis concludes that when r
rs
→∞ the behavior is almost universal: it depends on
only one constant when Λ = 0 and on two constants when Λ 6= 0.
There is a particular case of the general quadratic lagrangian which is interesting
to study as it can be written as a sum of squares
L =
√
|g|{a1 (Rµν + c1gµν)2 + a2 (Rµν + c2Rgµν)2} . (2.8)
2Let us note that even if we are dealing with Schwarzschild-de Sitter type of solutions, we keep the
definition of the radius rs to define asymptotic distances.
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Expanding the different terms
L =
√
|g|{2c1a1R + 4a1 c21 + (a1 + a2)R2µν + c2a2 (2 + 4c2)R2} , (2.9)
we can see that it is a particular case of (2.1) for certain values of (α, β, γ,Λ) given
in terms of (a1, a2, c1, c2), that leads to a fixed relation between the original coupling
constants
α
6
+ β +
γ2
4Λ
= 0. (2.10)
In other words, if (2.10) fullfilled, we can rewritte (2.1) as
S =
∫
d4x
√
|g|
{
−γ
2
Λ
(
Rµν +
Λ
2γ
gµν
)2
+
(
−2α + γ
2
Λ
)(
Rµν − 1
4
Rgµν
)2}
. (2.11)
If both coefficients which multiply the squared terms are positive, the Riemannian
minimization of (2.8) (sum of squares) leads to the equations
Rµν = −2Λ
γ
gµν , Rµν = −1
4
Rgµν . (2.12)
We see that the general solution of the EM is any Einstein space that fullfills the second
equation in (2.12). Given the fact that we need −γ
2
Λ
to be positive, the parameter space
for this particular case only includes Λ < 0, that is, (with our conventions) anti-de Sitter
type of solutions. Besides, in order to have
(
−2α + γ2
Λ
)
> 0, and using (2.10), we need
β > | γ2
3Λ
|.
We can repeat the analysis for spherically symmetric and static solutions using the
ansatz (2.2) for this particular case with EM (2.12). Expanding near the origin, we see
that the only solutions that are admitted are the ones belonging to the Schwarzschild-de
Sitter-like family (1,−1) and the trivial vacuum family (0, 0).
- Using the second EM of (2.12) the (0, 0) solution reads
A(r) = 1− b2r2 + b22r4 − b32r6 + b42r8 +O(r9)
B(r)
b0
= 1 + b2r
2 +O(r5). (2.13)
We can compute the Ricci scalar for this solution
R = 12b2 +O(r
8) (2.14)
6
and using the EM (2.12) we can relate the constant appearing in the solution to
the cosmological constant and the coupling constant γ
b2 = − Λ
6γ
. (2.15)
Of course, this is a particular case of the (0, 0) family found at the begining of
this analysis. In particular, equations (A.5) reduce to this solution when
b2 = −a2 = − Λ
6γ
, β +
α
6
+
γ2
4Λ
= 0. (2.16)
- Using again the second EM in (2.12) we find that the (1,−1) reads
A(r) = a1r − a21r2 + a31r3 − a1(a31 + b2)r4 + a21(a31 + b2)r5 − a31(a31 + b2)r6 +
+a1(a
6
1 + 4a
3
1b2 + b
2
2)r
7 +O(r8)
B(r)
b−1
=
1
r
+ a1 + b2r
2 +O(r6). (2.17)
Again, we have the further constraint coming from the trace of the EM (2.12).
Computing the curvature for (2.17) we get
R =
12b2
a1
+O(r4) = −2Λ
γ
. (2.18)
Let us note that in order to trust the perturbative expansion of R up to O(ra)
we need the expansion of A(r) up to O(ra+3). This fixes the relation between the
parameters of the solutions to
b2 = −a1Λ
6γ
, (2.19)
so that the solution takes the form
A(r) = a1r − a21r2 + a31r3 + r4
(
a21Λ
6γ
− a41
)
+ r5
(
a51 −
a31Λ
3γ
)
+ r4
(
a21Λ
6γ
− a41
)
+
+r6
(
a41Λ
2γ
− a61
)
+O(r7)
B(r) = b−1
(
−a1Λr
2
6γ
+ a1 +
1
r
)
(2.20)
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This is the exact expansion of
ds2 =
[
1− rs
r
−
(
r
rΛ
)2]
dt2 − 1[
1− rs
r
−
(
r
rΛ
)2]dr2 − r2 (dθ2 + sin2 θdφ2) ,
(2.21)
where rs = 2GM is the Schwarzschild radius and we define r
2
Λ =
6γ
Λ
, for
a1 = − 1
2GM
, b−1 = −2GM. (2.22)
We know that this solution has to be a particular solution of the general one
given in (A.6) and (A.7). It can be checked that this is the case for the particular
values
a4 = −a41 − a1b2, b2 = −
a1Λ
6γ
, β +
α
6
+
γ2
4Λ
= 0. (2.23)
It is important to note, that for quadratic lagrangians that can be written as the
sum of squares (2.8) and using Riemannian minimization, the (2, 2) solution is not a
solution anymore. This is due to the fact that solutions belonging to the (2, 2) family are
not compatible with equation (2.12). This can be easily understood as the equations for
Einstein spacetimes are equivalent to Einstein’s equations with cosmological constant so
that the generalized Birkhoff’s theorem [17] implies that the only spherically symmetric
and static solution is the Schwarzschild-de Sitter one (2.20).
We have then found a particular case of the parameter space of general quadratic la-
grangians for which the horizonless solution is not a possible one and the Schwarzschild-
de Sitter solution is the only one appearing. This is a particular instance of quadratic
lagrangians where Birkhoff’s theorem is still at work and the general spherically sym-
metric and static solution is still unique. This particular case relies on a non-vanishing
cosmological constant, that is, c1 6= 0 in (2.8). In this sense, this is a new result arising
when including the cosmological constant in the analysis of [2–4].
3 Expansion around an arbitrary point, r0
Now that we know the behavior of the functions near the origin and at infinity, we
want to study whether they can be smoothly matched. The only thing we need to
check is that the solution in the neighborhood of an arbitrary point, r0, has enough
parameters to match it with the asymptotic expansion of either the (2, 2) or else the
(1,−1) solutions. We shall soon find that this is indeed the case.
8
We assume that around the arbitrary point r0, which has nothing to do with the
radius of a possible horizon, the metric functions A(r) and B(r) are analytical and thus
admit the following expansion
B(r) = b0 + b1(r − r0) + b2(r − r0)2 + b3(r − r0)3 + b4(r − r0)4 +O((r − r0)5)
A(r) = a0 + a1(r − r0) + a2(r − r0)2 + a3(r − r0)3 +O((r − r0)4) (3.1)
Given that the EM (A.2) and (A.3) contain third derivatives of A(r) and fourth deriva-
tives of B(r), we need to expand the functions up to that order to solve for the lowest
order. After that, an iterative process can be used in order to get the higher-order
terms of the solution. The details of the computation are shown in Appendix A.3.
As can be seen in equations (A.15) and (A.16), b3 and b4 can be written in terms
of the other seven parameters (a0, a1, a2, a3) and (b0, b1, b2) plus the cosmological con-
stant. Going to higher order, it can be easily checked that we still have 7 independent
parameters. In fact, only 6 of them are relevant as we can always reabsorb b0 in a time
rescaling.
We conclude that the general solution around an arbitrary point r0 ( rs) depends
on 6 arbitrary parameters plus the cosmological constant. This means that it can
be smoothly matched (we have enough independent parameters) with the asymptotic
(−2, 2) solution at r
rs
→∞ as well as with either the (2, 2) solution or else the (1,−1)
solution at r
rs
 1. This means that both the horizonless (2, 2) solution as well as the
usual Schwarzschild-dS-like (1,−1) solution match equally well with the asymptotic
universal behavior.
4 Conclusions
In this paper, we have generalized the analysis in [2–5] to the case where a cosmological
constant is present. We see that the different families of solutions remain and possess
the same behavior. In particular, we find that near origin we still have the horizonless
(0, 0) and (2, 2) families and the (1,−1) Schwarzschild-de Sitter-like family. The main
point of the paper is the fact that we can match these families of solutions (with different
behavior near the origin) with the asymptotic universal behavior in the infinity, the
(−2, 2) family.
From the physical point of view the most interesting question is whether the hori-
zonless (2, 2) solution is compatible with solar system tests of General Relativity; in
other words, how big is the difference between it and the template Schwarzschild so-
lution, or more generally, whether it qualifies as a possible candidate for the endpoint
of stellar evolution in appropriate situations. This point has been recently studied by
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Holdom [5–7]. Physically, the region we are able to test is almost the asymptotic one,
that is, r >> rs although recent effort has been made regarding the possible experi-
mental signatures of the horizon region (see cf. [18, 19]). The region in the vicinity of
the singularity r ∼ 0 is out of experimental reach for the time being.
In principle, most of the observational evidence [20] supporting Schwarzschild’s
solution is also valid for the (2, 2) horizonless solutions. Eventually, it will be interesting
to find a way of telling between these horizonless solutions and the Schwarzschild one
[5–7, 18]. Gravitational wave probes regarding quadratic theories of gravity and the
horizonless solutions have also been studied in [21–24].
We have also uncovered a region of parameter space in which the (2,2) solution is
absent and only Einstein spaces are allowed. This corresponds to the analysis of the
Riemannian minimization of the particular case of quadratic lagrangians that can be
written as a sum of squares. In this region of the parameter space, there is a constraint
between the cosmological constant, Newton’s constant, and the coupling constants of
the quadratic invariants. Moreover, the positivity of the coefficients multiplying the
sum of squares fixes the sign of the cosmological constant to be negative, that is, the
solutions are of Schwarzschild-anti de Sitter type.
Unfortunately, no conclusions can be drawn from our analysis on the final state of
celestial bodies, which is itself a dynamical process. In this paper, we have only ana-
lyzed the structural stability of solutions of Einstein’s equations with respect to small
modifications of said equations by terms coming from contributions of the lagrangian
of higher-order in the curvature. In fact, only quadratic terms have been considered,
but all orders should be considered for consistency because all orders will appear as
counterterms in a perturbative quantum treatment.
We would like not to be misinterpreted. We are not claiming that the (2, 2) solution
is the only one that matches correctly with the asymptotic behavior. We are only
claiming that it matches as well as the (−1, 1) one. Our guess is that which particular
solution is the correct one depends on the physical situation at hand. There is no unique
response; remember that Birkhoff’s theorem does not hold anymore. The dynamics of
a realistic collapse is an even more involved problem now than in the Einstein-Hilbert
theory.
It is still possible, of course, that some unknown as yet dynamical law of nature
prevents the disappearance of horizons. It could be, for example, that consistency forces
an unnatural value for all higher-order coefficients, namely that all are to be set equal to
zero. Precisely in that respect the Cosmic censorship hypothesis [25] has been advanced
by Roger Penrose, although the physical mechanism hiding naked singularities remains
largely unknown. At any rate, it should be remembered that predictivity is anyway
lost at the Big Bang, which is in some sense the mother of all singularities.
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A Families of solutions with cosmological constant
After using Bianchi’s identities (∇µHµν = 0) on the equations of motion (EM) (2.3) ,
we find that only two of them are independent. We chose them as follows
H00 = H11 = 0 (A.1)
After introducing the ansatz (1.6) of the metric, the EM take the following form in
terms of the functions A(r) and B(r) and their derivatives
H00 =
1
24r4A5B3
[−24A4B4(12β + r2γ)− 4A5B4 (4α− 12β − 6r2γ + 3r4Λ)+
+8A3B4(2α + 30β)− 16r4A3B3(α− 3β)B(4) − 4r2A2B2 [3r(4α− 30β)A′ + (5α− 12β)A]B′2 +
+16r3A2B2(α− 3β) [3rA′B + 3rAB′ − 4AB]B(3) + 56r3B3 [−2(α + 6β)B + r(α− 3β)B′]A′3 +
+8r3A2B3 [−2(α + 6β)B + r(α− 3β)B′]A(3) + 52r3AB3 [2(α + 6β)B − r(α− 3β)B′]A′A′′ +
+8r2A2B2
[−3r2(α− 3β)B′2 − 2(α + 6β)B2 + 4r2(α− 3β)BB′′ + 3r(α− 6β)BB′]A′′ +
+4r3AB2 [−19r(α− 3β)A′B − 27r(α− 3β)AB′ + 2(13α− 48β)AB]A′B′′ +
+36r4(α− 3β)A3B2B′′2 + 4r3A3B [−29r(α− 3β)B′ + 2(13α− 66β)B]B′B′′ +
+4r2AB4(7α + 60β)A′2 + r3AB2 [57r(α− 3β)B′ − 4(13α− 84β)B]B′A′2 +
+r3A2 [58r(α− 3β)A′B + 49r(α− 3β)AB′ − 4(11α− 78β)AB]B′3 +
+8rA2B4
[
4(α + 6β) + 3r2γA
]
A′ + 8r2A2B3A′B′(−5α + 6β)] = 0 (A.2)
H11 =
1
24r4A3B4
[
8r3A2B2B(3) [r(α− 3β)B′ − 2(α + 6β)B]− 4r4(α− 3β)A2B2B′′2−
−4r2ABB′′
[
2rBA′ (r(α− 3β)B′ − 2(α + 6β)B) + A (3r2(α− 3β)B′2 − 12r(α + 3β)BB′+
+8(α + 6β)B2
) ]
+ 24A3B3
[
γr3B′ +B(γr2 − 12β)]+ 4A4B4 [4α− 12β − 6γr2 + 3r4Λ]+
+2r2ABA′B′
[
3r2(α− 3β)B′2 − 4r(2α + 3β)BB′ + 4(α + 24β)B2]+ A2[7r4(α− 3β)B′4 −
−4r3(5α + 12β)BB′3 − 4r2(α− 48β)B2B′2 + 32r(α + 6β)B3B′ − 16(α− 21β)B4
]
+7r2B2A′2
[
r2(α− 3β)B′2 − 4r(α + 6β)BB′ + 4(α− 12β)B2]− 4r2AB2A′′ [r2(α− 3β)B′2−
−4r(α + 6β)BB′ + 4(α− 12β)B2]] = 0 (A.3)
where A(n) corresponds to the n-th partial derivative. These equations coincide with
the ones in [3] when taking Λ = 0.
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A.1 Solutions near the origin
We start by analyzing the solutions around the origin r = 0. Around this point we
take the expansion
A(r) = asr
s + as+1r
s+1 + . . .
B(r) = bt
(
rt + bt+1r
t+1 + . . .
)
, (A.4)
we list bellow the form of the possible solutions in terms of the values of (s, t) in the
expansions
• The (0, 0) family of solutions takes the form
A(r) = 1 + a2r
2 + r4
{Λ(−4α + 3β)
1080αβ
+
1
180αβ
[a2[γ(2α + 3β) + 18βa2(10α + 3β)]
+ b2[2γ(−α + 3β)− 18βb2(2α + 3β)]− 36αβa2b2] +O(r5)
B(r)
b0
= 1 + b2r
2 + r4
{Λ(2α + 3β)
2160αβ
+
1
360αβ
[
a2[γ(−α + 3β) + 54β2a2] + b2[γ(α + 6β)
+
+54βb2(2α− β)] + 108αβa2b2
360αβ
]
+O(r5) (A.5)
These solutions depend on three parameters (a2, b2,Λ), and we recover the result
in [2, 3] when Λ = 0 (we do not count the trivial time rescaling parameter b0).
• The second family of solutions is the (1,−1) for which the functions read
A(r) = a1r − a21r2 + a31r3 + a4r4 − r5
a1
16
(
3a1b2 + 19a
4
1 + 35a4
)
+
+r6
a21
40
(
21a1b2 + 101a
4
1 + 141a4
)
+O(r7)
(A.6)
B(r)
b−1
=
1
r
+ a1 + b2r
2 + r3
1
16
(
a1b2 + a
4
1 + a4
)− r4 3a1
40
(
a1b2 + a
4
1 + a4
)
+
+r5
{
(2α + 3β)Λa21
3888αβ
+
1
25920αβa21
[
− 30γ(α− 3β)a61 + 81β(19α + 15β)a81 +
+162β(7α + 15β)a41a4 − 405β(α− 3β)a24 + 10γ(5α + 21β)a31b2 + 54β(161α− 15β)a51b2 +
+270β(25α− 3β)a1a4b2 − 15a21
[
2γ(α− 3β)a4 + 9β(−53α + 15β)b22
] ]}
+O(r6) (A.7)
These solutions depends on four parameters (b2, a1, a4,Λ) and when Λ = 0 we
recover again the family of solutions in [2, 3]. The expansion of the Schwarzschild-
de Sitter metric around the origin belongs to this family of solutions. Let us note
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that the cosmological constant appears at O(r7), although it is not written in
order to avoid too long equations.
• Finally, we have the (2, 2) family of solutions which has the form
A(r) = a2r
2 + a2b3r
3 − r4a2
6
(
2a2 + b
2
3 − 8b4
)
+ a5r
5 +
+
r6
1296αβ
{
− 12α2a32 − 2a22
[
b23
(
α2 − 603αβ − 252β2)+ 27α (20βb4 + γ)]+
+a2
[
b43
(−16α2 + 1413αβ − 72β2)+ 2b4b23 (19α2 − 2223αβ + 180β2)−
−36b5b3
(
α2 + 45β2
)
+ 12αb24 (α + 162β)
]
+ 324a5βb3 (7α + 3β)
}
+O(r7)
B(r)
b2
= r2 + b3r
3 + b4r
4 + b5r
5 +
r6
216αa2
{
− 12αa32 + a22
[
14b23(2α + 3β)− 24αb4
]
+
+a2
[
2b43(67α− 3β) + 2b4b23(15β − 227α) + 45b5b3(7α− 3β) + 180αb24
]
+27a5b3(α + 3β)
}
+O(r7) (A.8)
These solutions depend on the six parameters (b3, b4, b5, a2, a5,Λ) and again when
Λ = 0 it reduces to the result [2]. Besides, these solutions are exactly the same as
the ones in [2, 3] up to order O(r10) where the terms containing the cosmological
constant appear.
A.2 Asymptotic solutions
When the cosmological constant is different from zero, we no longer have asympotically
flat solutions. We have to change the expansion to
A(r) =
∑
asr
s
B(r) =
∑
btr
t. (A.9)
inspired in the asympotic expansion of the Schwarzschild-de Sitter solution we take the
ansatz
A(r) =
a−2
r2
+
a−3
r3
+
a−4
r4
+
a−5
r5
+O
(
1
r6
)
B(r) = b2r
2 + b1r + b0 +
b−1
r
+O
(
1
r2
)
. (A.10)
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substituting in the equation of motion (A.2) we obtain
A(r) = −
(rΛ
r
)2
−
(rΛ
r
)4
+
a−5
r5
+O
(
1
r6
)
B(r)
b2
= r2 − r2Λ +
a−5
r2Λr
+O
(
1
r2
)
(A.11)
which depends on two parameters a−5 and Λ (we do not count the trivial time rescaling
b2).
A.3 Solutions near an arbitrary point r0
The EM (A.2) contain terms with B(4) and A(3) so we need a Frobenius ansatz for the
expansion about r0 of the form
A(r) = a0 + a1(r − r0) + a2(r − r0)2 + a3(r − r0)3
B(r) = b0 + b1(r − r0) + b2(r − r0)2 + b3(r − r0)3 + b4(r − r0)4 (A.12)
The lowest order of H00 = 0 yields
−56a31b30r30 [2(α + 6β)b0 − (α− 3β)b1r0]− 24a40b40(12β + γr20)−
−4a50b40
[
4(α− 3β)− 6γr20 + 3Λr40
]
+ a0a1b
2
0r
2
0
[
104a2b0r0 [2(α + 6β)b0 − (α− 3β)b1r0] +
+a1
[
4(7α + 60β)b20 + 57(α− 3β)b21r20 − 4b0r0 ((13α− 84β)b1 + 38(α− 3β)b2r0)
] ]
+
+a30
[
49(α− 3β)b41r40 − 4b0b21r30((11α− 78β)b1 + 58(α− 3β)b2r0)−
−384(α− 3β)b30r30(b3 + b4r0) + 8b40(2α + 30β + 3γa1r30)−
−4b20r20
[
(5α + 12β)b21 − 36(α− 3β)b22r20 − 4b1r0((13α− 66β)b2 + 18(α− 3β)b3r0)
] ]−
−2a20b0r0
[
8b0r0 [3a3b0r0(2(α + 6β)b0 − (α− 3β)b1r0)+
+a2
(
2(α + 6β)b20 + 3(α− 3β)b21r20 + b0r0(−3(α− 6β)b1 − 8(α− 3β)b2r0)
)]−
−a1
[
16(α + 6β)b30 + 29(α− 3β)b31r30 − 12b0b1r20((2α− 15β)b1 + 9(α− 3β)b2r0) +
+4b20r0((−5α + 6β)b1 + 2r0((13α− 48β)b2 + 18(α− 3β)b3r0))
] ]
= 0 (A.13)
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and for H11 = 0
7a21b
2
0r
2
0
[
4(α− 12β)b20 − 4(α + 6β)b0b1r0 + (α− 3β)b21r20
]
+
+4a40b
4
0
[
4(α− 3β)− 6γr20 + 3Λr40
]
+ 24a30b
3
0
[
γb1r
3
0 + b0(−12β + γr20)
]
−
−2a0b0r20
[
4a2b0
[
4(α− 12β)b20 − 4(α + 6β)b0b1r0 + (α− 3β)b21r20
]−
−a1
[
3(α− 3β)b31r20 − 4b0b1r0 ((2α + 3β)b1 + 2(α− 3β)b2r0) +
+4b20 ((α + 24β)b1 + 4(α + 6β)b2r0)
] ]− a20[16(α− 21β)b40 − 7(α− 3β)b41r40 +
+4b0b
2
1r
3
0 [(5α + 12β)b1 + 6(α− 3β)b2r0] + 32(α + 6β)b30r0 [−b1 + r0(2b2 + 3b3r0)] +
+4b20r
2
0
[
(α− 48β)b21 + 4(α− 3β)b22r20 − 12b1r0 [2(α + 3β)b2 + (α− 3β)b3r0]
] ]
= 0
(A.14)
We can easily find a solution for this system of equations which is given by
b3 =
1
48a20b
2
0r
3
0 [2(α + 6β)b0 − (α− 3β)b1r0]
{
7a21b
2
0r
2
0
[
4(α− 12β)b20 −
−4(α + 6β)b0b1r0 + (α− 3β)b21r20
]
+ 4a40b
4
0
(
4(α− 3β)− 6γr20 + 3Λr40
)
+
+24a30b
3
0
(
γb1r
3
0 + b0(−12β + γr20)
)
+
+a20
[
− 16(α− 21β)b40 + 7(α− 3β)b41r40 + 32(α + 6β)b30r0(b1 − 2b2r0)−
−4b0b21r30 ((5α + 12β)b1 + 6(α− 3β)b2r0)−
−4b20r20
(
(α− 48β)b21 − 24(α + 3β)b1b2r0 + 4(α− 3β)b32r20
) ]−
−2a0b0r20
[
4a2b0
(
4(α− 12β)b20 − 4(α + 6β)b0b1r0 + (α− 3β)b21r20
)−
−a1
(
3(α− 3β)b31r20 − 4b0b1r0((2α + 3β)b1 + 2(α− 3β)b2r0)+
+4b20((α + 24β)b1 + 4(α + 6β)b2r0
) ]}
(A.15)
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and
b4 =
1
384(α− 3β)a30b30r40 [2(α + 6β)b0 − (α− 3β)b1r0]
{
−14a31b30r30
[
4(α2 + 93αβ + 36β2)b20 − 4(α2 + 3αβ − 18β2)b0b1r0 + (α− 3β)2b21r20
]−
−4a50b40 [2(5α− 6β)b0 − 7(α− 3β)b1r0] (4(α− 3β)− 6γr20 + 3Λr40) +
+a0a1b
2
0r
2
0
[
8a2b0r0
(
4(7α2 + 246αβ + 252β2)b20 − 28(α2 + 3αβ − 18β2)b0b1r0 +
+7(α− 3β)2b21r20
)
+ a1
(
− 24(7α2 − 174αβ + 216β2)b30 + 21(α− 3β)2b31r30 −
−2(α− 3β)b0b1r20((77α + 318β)b1 − 28(α− 3β)b2r0) + 4b20r0((77α2 − 237αβ + 828β2)b1 −
−28(α2 + 3αβ − 18β2)b2r0)
)]
+
+a30
[
− 7(α− 3β)2b51r50 − 2(α− 3β)b0b31r40((17α− 78β)b1 − 44(α− 3β)b2r0) +
+4b20b1r
3
0
(
(17α2 + 303αβ − 252β2)b21 + 24(α2 − 9αβ + 18β2)b1b2r0 − 60(α− 3β)2b22r20
)
+
+8b30r
2
0
(
(23α2 − 174αβ + 72β2)b21 − 4(23α2 + 24αβ − 36β2)b1b2r0 + 4(13α2 + 3αβ − 126β2)b22r20
)
+
+16b50
(
2(5α2 − 75αβ + 342β2)− 3a1r0(36(α− 3β)β + (−4αγ + 3βγ)r20)
)
+
+8(α− 3β)b40r0
(
64(α + 6β)b2r0 + b1(−46α + 30β + 15γa1r30)
)]
+
+24a40b
3
0
[
6(α− 3β)γb21r40 − (α− 3β)b0b1r0(60β + γr20) +
+b20
[
2(36(α− 6β)β + (−5αγ + 6βγ)r20) + (α− 3β)a1r0(4(α− 3β)− 6γr20 + 3Λr40)
] ]−
−4a20b0r0
[
a1
(
8(α2 − 96αβ + 117β2)b40 − 5(α− 3β)2b41r40 +
+(α− 3β)b0b21r30((25α− 12β)b1 + 6(α− 3β)b2r0) +
+4b30r
2
0(−(α2 − 78αβ + 144β2)b1 + 2(7α2 + 30αβ − 72β2)b2r0) +
+4b20r
2
0(−3(2α2 + 42αβ − 63β2)b21 + 2(−8α2 + 3αβ + 63β2)b1b2r0 + 6(α− 3β)2b22r20)
)
+
+4b20r0
(
3a3r0(−2(α + 6β)b0 + (α− 3β)b1r0)2 + a2
[−12(α2 − 24αβ + 36β2)b20−
−(α− 3β)b1r20(7(α + 6β)b1 − 8(α− 3β)b2r0) + 2b0r0((10α2 − 69αβ + 198β2)b1−
−8(α2 + 3αβ − 18β2)b2r0)
] )]}
. (A.16)
A remarkable property is that if we push the solution one order further in the ex-
pansion, what we find is that the solution depends on a0, a1, a2, a4 and b0, b1, b2. We can
see that we always get the first three parameters of each expansion (a0, a1, a2, b0, b1, b2)
plus the coefficient of the highest order of A(r) (in this case a4). This can be seen in
the following way. If we take the system of equations for the lowest order they can be
17
symbolically written as
g(a0, a1, a2, b0, b1, b2, b3) = 0
f(a0, a1, a2, a3, b0, b1, b2, b3, b4) = 0 (A.17)
Therefore, we can always write the highest order of B(r) in terms of the rest of the
parameters using the first equation and the second highest order of B(r) in terms of
the same using the second equation.
B Runaways and higher derivatives
The archetypal physical problem in which higher derivatives appear is the back reaction
of the electromagnetic radiation; id est, the Lorentz-Dirac equation [26]. Equations of
motion of degree higher than two typically get runaway solutions. This is a purely
classical phenomenon, which is related to the presence of ghosts when quantizing the
system, but one that can be analyzed independently. Consider for simplicity a linear
equation of third-degree in time derivatives
d3
dt3
x(t) + a
d2
dt2
x(t) + b
d
dt
x(t) + c x(t) = f(t). (B.1)
this equation can be easily solved using Fourier transform. Nevertheless, it is quite
easy to prove that there is always at least one solution of the form
xrun = e
λt (B.2)
with real λ (the sign depends on the details of the equation). This follows from a
classical theorem that asserts that a cubic algebraic equation has got at least one real
solution (it can have all three roots real, depending on the sign of the discriminant).
These are the runaway solutions. Depending on the sign of the exponent, they grow
in time without bound, or else, 1/x does it; they are not oscillatory solutions. As has
been already indicated, they are the classical counterpart of quantum ghosts.
It is a quite widespread belief that higher derivatives are always a problem [27–30]
even when it naively appears that there are no ghosts or tachyons. Nevertheless, this
should be qualified in some cases, as we shall see. A standard argument for the iterated
d’Alembertian is as follows. Consider the lagrangian [31]
L = φ22φ. (B.3)
introducing a Lagrange multiplier
L = ψ22φ− 1
4
ψ2, (B.4)
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and making the field redefinitions
ψ = φ+ + φ−
φ = φ+ − φ−, (B.5)
the lagrangian takes the form
L = φ+2
2φ+ − φ−22φ− − 1
4
(φ− + φ−)2. (B.6)
We then see that φ− is a ghost because it has the wrong sign in its kinetic term. This
argument is not very convincing though, because the fields φ± are not independent.
In spite of the fact that the delta function with support on the light cone
δ((k2)2) (B.7)
is not well-defined apriori, in the classical reference [32], it is shown that the equation
22φ = 0 (B.8)
has a well defined Cauchy problem; that is, there is a unique solution determined by
the initial conditions. This fact is a consequence of the existence of Riesz’ distribution
Gλ(x) (to be explicitly defined in a moment) such that
22 lim
λ→2
G+λ (x) = δ(x). (B.9)
This, in turn, stems from the fact that
2Gλ = Gλ−1, (B.10)
as well as
lim
λ→0
Gλ(x) = δ(x). (B.11)
We can write G+λ as [33]
G+λ (x) ≡ Cn,λ γλ−n/2, (B.12)
provided x ∈ D+(0) (the future domain of dependence of the origin) as G+λ (x) vanishes
otherwise. The quantity γ(x) ≡ Γ(0, x) is Synge’s world function from the origin to
the point x, and the constant reads
Cn,λ ≡ 1
pi
n
2
−122λ−1(λ− 1)!(λ− n/2)! . (B.13)
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In [31] it is pointed out that even in those free theories, the Hilbert space of states
lacks a positive definite scalar product so that there are indeed zero as well as negative
norm states in it, that is, ghosts.
All of this changes, of course, when more derivatives enter into the equation. For
example, in the particular case(
22 − 2m22+m4) Φ = (2−m2)2 Φ = 0, (B.14)
there are runaway solutions
Φ ∼ emt. (B.15)
This is exactly what happens in quadratic gravity. Making the ansatz
A(r) = aeCar
B(r) = beCbr, (B.16)
the trace of the equation of motion (2.3) reads
Hµµ = −γR− 6β2R− 2Λ = 0, (B.17)
and substituting the divergent ansantz (B.16) we get
Hµµ =
1
2r4a2
{
− 4a2r2(−γ + r2Λ)−
−e−rCaa
[
48β + 4r2γ + 4(−6rβ + r3γ)Cb + r4γC2b − Ca(−24rβ + 4r3γ + r4γCb)
]
−
−3e−2rCaβ
[
3r3C3a(4 + rCb) + 4(−4 + 2rCb + r2C2b )− 4r2C2a(2 + 5rCb + r2C2b ) +
+rCa(−24− 4rCb + 8r2C2b + r3C3b )
]}
= 0. (B.18)
This trace happens to be divergent whenever Ca < 0. Demanding cancellation of the
more divergent terms (those that go as e−2rCa) we get the two possibilities
Cb =
1
Ca
or Cb =
1
3Ca
. (B.19)
As has been already mentioned in the main text, it would be important to isolate
boundary (or initial) conditions that prevent those runaway solutions to appear. As
far as we understand, this remains an outstanding problem very much worth exploring.
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